Aims. The goal of this paper is twofold. In the first place we complete the set of diagnostic tools for synchrotron emitting sources presented by Del Zanna et al. (Astron. Astrophys. 453, 621, 2006) with the computation of inverse Compton radiation from the same relativistic particles. Moreover we investigate, for the first time, the gamma-ray emission properties of Pulsar Wind Nebulae in the light of the axisymmetric jet-torus scenario. Methods. The proposed method consists in evolving the relativistic MHD equations and the maximum energy of the emitting particles including adiabatic and synchrotron losses along streamlines. The particle energy distribution function is split in two components: one corresponding to the radio emitting electrons interpreted as a relic population born at the outburst of the supernova and the other associated with the wind population continuously accelerated at the termination shock and emitting up to the gamma-ray band. The inverse Compton emissivity is calculated using the general Klein-Nishina differential cross-section and three different photon targets for the relativistic particles are considered: the nebular synchrotron photons, photons associated with the far-infrared thermal excess and the cosmic microwave background. Results. When the method is applied to the simulations that better reproduce the optical and X-ray morphology of the Crab Nebula, the overall synchrotron spectrum can only be fitted assuming an excess of injected particles and a steeper power law (E −2.7 ) with respect to previous models. The resulting TeV emission has then the correct shape but is in excess of the data. This is related to the magnetic field structure in the nebula as obtained by the simulations, in particular the field is strongly compressed near the termination shock but with a lower than expected volume average. The jet-torus structure is found to be clearly visible in high-resolution gammaray synthetic maps too. We also present a preliminary exploration of time variability in the X and gamma-ray bands. We find variations with time-scales of about 2 years in both bands. The variability observed originates from the strongly time-dependent MHD motions inside the nebula.
Introduction
Pulsar wind nebulae (PWNe, or plerions) are a class of supernova remnants (SNR) , that originates from the interaction between the ultra-relativistic wind blown by a pulsar (PW) and the surrounding supernova ejecta. The electromagnetic torques acting on a fast spinning, highly magnetized neutron star convert its rotational energy into the acceleration of a cold magnetized wind, expanding at relativistic velocity. The wind velocity needs to be reduced in order to match the boundary condition of non relativistic expansion of the confining supernova remnant. This happens at a termination shock (TS), where the plasma is slowed down and heated, the magnetic field is amplified and the nebular particle spectrum is thought to be produced. If confinement is indeed efficient, a non-negligible fraction of the energy lost by the pulsar, which is invisible as long as it is locked in the cold relativistic wind, may become detectable in the form of non-thermal radiation emitted by the relativistic particles in the nebula.
From the observational point of view, PWNe are characterized by the emission of a very broad band spectrum of nonthermal radiation, typically extending from the radio to the Xray and even gamma-ray band. The primary emission mechanism is, at most frequencies, synchrotron radiation by the relativistic particles gyrating in the nebular magnetic field. The synchrotron spectrum is cut off at some maximum frequency (typically in the soft gamma-rays) determined by the magnetic field strength and the maximum energy that particles can attain in the nebula. At higher photon energies the dominant emission mechanism is, most likely, inverse Compton (IC) scattering by the same particles interacting with different target photon fields. For recent reviews of theoretical as well as observational aspects of PWNe see Gaensler & Slane (2006) ; Kirk et al. (2007) ; Bucciantini (2006) .
The most recent developments in the study of PWNe are related to high energy observations of these objects. On the one hand, the latest generation of Cherenkov detectors has shown PWNe to be among the highest energy emission sources in the Galaxy (e.g. Aharonian 2007; Gallant 2007) . On the other hand, detailed spatial mapping at X-ray frequencies, as made possible by Chandra, has shown that the peculiar axisymmetric morphology, known as jet-torus structure, initially seen in the prototype of the class, the Crab Nebula (Weisskopf et al. 2000; Hester et al. 2002) , is also present in a number of other objects: the SNR associated to Vela (Helfand et al. 2001 ; Pavlov et al. ) and to PSR B1509-58 (Gaensler et al. 2002) ; G0.9+0.1 (Gaensler et al. 2001) ; G54.1+0.3 (Lu et al. 2002) ; G130.7 + 3.1 (Slane et al. 2004) . Relativistic motions and time-varying smallscale features (wisps around the TS and filaments in the torus) have also been reported (Weisskopf et al. 2000; Hester et al. 2002; Pavlov et al. 2003) . This paper intends to deal with all these aspects, presenting for the first time a study of the highest energy emission from PWNe in the context of the jet-torus scenario, including an investigation of time variability.
The theoretical interpretation of the jet-torus morphology observed in the optical and X-ray bands is based on the idea that the pulsar wind energy flux is anisotropic, depending on latitude above the pulsar rotational equator (Bogovalov & Khangoulian 2002; Lyubarsky 2002 ). An energy flux that is maximum in the equatorial plane and decreasing towards the polar axis causes the termination shock to be oblate, closer to the pulsar at the poles (Komissarov & Lyubarsky 2003; Del Zanna et al. 2004) . Understanding the formation of a torus in the equatorial plane and of jets along the polar axis is straightforward in this scenario, where the post-shock flows first converge toward the equator and are then diverted along the symmetry axis by magnetic hoopstresses. Recently, axisymmetric simulations in the relativistic MHD regime (RMHD) have been able to fully confirm this view (Komissarov & Lyubarsky 2004; Del Zanna et al. 2004) .
The validity of this dynamical interpretation of the jet-torus structure was strengthened by the comparison between X-ray observations of the Crab Nebula and non-thermal emission maps built on top of the flow structure resulting from RMHD simulations . In order to do this, information on the particle spectrum as a function of position in the nebula is needed. This kind of information is not available in a MHD approach, but Del Zanna et al. (2006) showed how the evolution of the particle spectrum in the nebula, including synchrotron and adiabatic losses along streamlines, can be easily accounted for at least in an approximate way within a conservative MHD scheme, once an equation for the evolution of the maximum particle energy is added to the code. The general method proposed in that work allows to compute synchrotron radiation, polarization and spectral index maps based on MHD simulations. The resulting synchrotron surface brightness maps, when compared with the data, showed that the axisymmetric MHD scenario is not only able to account for the general jet-torus morphology, but also to explain a number of finer scale details. Optical and X-ray spectral index maps showed spectral hardening in the torus and softening toward the PWN border also comparable to the observations (Véron-cetty & Woltjer 1993; Mori et al. 2004) . Finally, the mildly relativistic nebular flow, with velocities in the range of those observed along the jets and around the TS (v ∼ 0.5 − 0.8c), gives rise to features closely resembling the rings and the bright knot observed in the Crab Nebula, once Doppler boosting is properly taken into account.
The combination of RMHD simulations and the diagnostic tools for synthetic synchrotron emission has thus proved to be a very powerful investigation technique. Unknown parameters such as the wind magnetization σ (Kennel & Coroniti 1984a) or the magnetic field angular distribution can be inferred by comparing the theoretical predictions with observations. In particular, in Del the Crab Nebula optical and Xray morphology were found to be best matched by assuming a latitude-averaged magnetization of σ eff = 0.02 and a narrow striped wind region of low toroidal magnetic field along the equator (runA). The relativistic electrons produced at the TS were assumed to be a single power law E −(2α+1) with α = 0.6 as in the model by Kennel & Coroniti (1984b) . No attempt at modeling the radio emission was made. The resulting synchrotron spectrum was in excess of the data in the X-ray band (by a factor two) and show an unexpected flattening beyond ≈ 3 × 10 16 Hz. The aim of the present work is to further investigate the reasons for this difficulty in reproducing the observed high energy synchrotron spectrum. In particular we consider whether this could be solved through a different choice of the particle distribution function. Contrary to the magnetic field strength, the latter does not affect the dynamics (provided a spectral index higher than 0.5) and can thus be changed with no consequences on the nebular morphology. However, while the synchrotron emission depends only on the combination of the magnetic field and particle distribution, the IC emission allows to disentangle the contribution of the two. In order to exploit this fact in the present paper we extend the set of diagnostic tools for non-thermal radiation to the IC scattering process, and we apply the method to our simulations (runA) that best matched the Crab Nebula, extending the spectral coverage to the gamma-rays.
As we mentioned the other recent development in the study of PWNe concerns the detection of very high energy gamma-ray emission from these objects. TeV emission has been detected from the Crab Nebula (Aharonian et al. 2004 (Aharonian et al. , 2006d Albert et al. 2008) ; MSH 15 -52 (Aharonian et al. 2005b) ; Vela (Aharonian et al. 2006a; Enomoto et al. 2006 ); Kookaburra complex (Aharonian et al. 2006b ); HESS J1825 -137 (Aharonian et al. 2006c) ; the composite SNR G 0.9+0.1 (Aharonian et al. 2005a) ; the two candidates HESS J1357 -645 and HESS J1809 -193 (Aharonian et al. 2007 . In this context, TeV emission can in principle result from two different processes: either inverse Compton emission involving relativistic electrons that up scatter lower energy photons, or π 0 decay involving the presence of relativistic protons that produce pions by nuclear collisions. The presence of relativistic protons in PWNe is also suggested by theoretical reasons. In fact, particle acceleration at transverse relativistic shock waves, such as the pulsar wind TS, is difficult to explain through standard acceleration processes. The most successful model so far is based on resonant absorption by electrons and positrons of the relativistic cyclotron radiation produced by ions, that are predicted to be present in the pulsar wind. The model also requires the ions to be energetically dominant in the wind, though very few by number.
The most likely mechanism at the origin of this emission is inverse Compton scattering by the same particles that produce the nebular synchrotron spectrum. These particles can up scatter different targets: CMB photons, synchrotron emitted photons, starlight and possibly FIR photons due to reprocessing of the nebular radiation by dust within the SNR. Studying IC emission is important for two different reasons. First of all, as anticipated, modeling synchrotron and IC radiation at the same time allows to disentangle the information on the magnetic field strength and particle number density which is always combined when considering synchrotron emission alone (Gould 1965; De Jager et al. 1996) . Moreover, a detailed modeling of the IC component is at present the only way of investigating whether the high energy data leave room for an extra contribution of hadronic origin (e.g. Amato et al. 2003; Bednarek & Bartosik 2003) . Clarifying this point is also important in view of the quest for galactic sources of cosmic rays at energies around the knee. This paper presents a general method that could be applied to the entire class of PWNe and more generally to all non-thermal sources. In fact, it consists in evolving in time and space the maximum energy of emitting particles, together with the other MHD dynamical variables, while the appropriate simulation set up (e.g. initial and boundary conditions, resolution) and the shape of the distribution function at injection sites are arbitrary and can be both chosen as the most appropriate for the object under investigation. Here, however, our purpose is not to optimize the dynamical free parameters to reproduce specific nebulae, but to apply our emission model to the runA simulation and compare the results to the Crab Nebula data. The Crab Nebula is, in fact, the brightest PWN also at very high energies, and is regarded as a standard candle for gamma-ray observations. This makes it a natural target for new instruments and a wealth of data is already available from ground and space instruments: EGRET (Nolan et al. 1993) , COMPTEL (Kuiper et al. 2001) , HEGRA (Aharonian et al. 2004) , HESS (Masterson et al. 2005; Aharonian et al. 2006d) , MAGIC (Albert et al. 2008 ). This year GLAST will be launched and so new data will be available from 20 MeV to 300 GeV.
The existing gamma-ray observations are here used to constrain the parameters of our model. The synthetic emission up to TeV energies is calculated for the first time based on time-dependent 2-D numerical simulations. In particular we assume the configuration corresponding to runA, as reported in Del Zanna et al. (2006), and following Atoyan & Aharonian (1996) we consider a more general distribution function of emitting electrons consisting of two families: one corresponding to radio emitting electrons, that can be interpreted as primordial population of particles and the other corresponding to particles continuously accelerated at the termination shock, responsible for the synchrotron spectrum up to the gamma band. The IC emissivity is calculated (in the optically thin regime, appropriate for these objects) using the general Klein-Nishina differential cross-section. The three different photon targets recognized as the most important for the Crab Nebula (Aharonian et al. 2006d) are considered: the nebular synchrotron photons, those responsible for the far-infrared thermal excess (Marsden et al. 1984 ) and the cosmic microwave background. Previous work applied similar emission recipes only to stationary and radially symmetric models (e.g. Gould 1979) , and noticeably to the Kennel & Coroniti (KC: Kennel & Coroniti 1984a ) RMHD model (De Jager & Harding 1992; Atoyan & Aharonian 1996) .
The paper is structured as follows. In Sect. 2 our non-thermal emission model is presented. The integrated spectra as arising from both the KC model (used here to test the emission recipes) and our simulations are shown in Sect. 3 and compared with observations of the Crab Nebula. In Sect. 4 we produce surface brightness maps at different energies in the gamma-rays to compare with existing and future images. Finally, time variability is studied in Sect. 5, linking the synthetic X and gamma-ray emission.
The non-thermal emission model
In this section the formulae used to compute synchrotron and IC emission are explained in detail. As mentioned in Sect. 1, the evolution of the distribution function and the synchrotron emission recipes are adapted from Del , while the choice of the distribution function at the TS follows Atoyan & Aharonian (1996) . Some approximations are necessary to avoid using formulae in which some terms are unknown: for instance it is not possible, within the present scheme, to associate the local pressure value to the corresponding one (along streamlines) at the termination shock. This would require evolving in space and time the entire distribution function, a task which is beyond the goal of this paper. As we will see a few additional approximations are used with the aim of reducing the computational costs, after checking that they do not change significantly the final results.
Relativistic electrons
In the Crab Nebula spectrum two main breaks appear: one in the IR and the other in the UV. In order to account for both breaks we consider the presence of two distinct populations of relativistic particles (electrons and positrons). In analogy with previous MHD models we assume the break in the UV to be due to synchrotron cooling of a population continuously accelerated at the TS and responsible for the optical and higher frequency radiation (Kennel & Coroniti 1984b) . We then describe the radio emitting electrons as a different population, which has sometimes been interpreted as primordial (e.g. Atoyan & Aharonian 1996) , born at the outburst of the supernova. The distribution function of both populations is shaped following Atoyan & Aharonian (1996) .
Assuming isotropy, the radio emitting particle distribution function per unit solid angle is taken as
assumed to be homogeneous in the PWN and constant in time.
Here ǫ is the normalized energy of the particle (its Lorentz factor), A r is the normalization constant, α r is the radio spectral index, ǫ * r is the radio cut-off energy, which is the energy corresponding to a synchrotron cooling time comparable to the age of the nebula.
The second population is composed by the relativistic wind particles continuously accelerated at the termination shock and injected downstream into the nebula, with the following distribution function
This has to be evolved along streamlines in the PWN and may change with time. The variables with the index 0 are calculated at the TS. As for the previous case A 0 is a constant to be determined based on the local number density or pressure, α w is the wind spectral index and ǫ * w is the cut-off energy (corresponding to the maximum synchrotron frequency in the gamma-rays). The additional constantǭ represents the minimum energy of the wind population, and will be chosen to match smoothly the infraredoptical synchrotron emission of the two families of electrons.
As far as the evolution of the wind population is concerned, following Del Zanna et al. (2006), adiabatic and synchrotron losses are taken into account by defining the evolved distribution as
where ρ is the rest mass density, thus:
Here we have used the conservation of particles' number along streamlines and assumed adiabaticity for the pressure (p ∝ ρ 4/3 ). A 0 = A w p 0 , and we take into account synchrotron losses through the quantity ǫ ∞ , which is the maximum possible particle energy at a position along the streamline:
The variables ρ, p and ǫ ∞ are in general functions of space and time and they will be here provided by our code. Notice that adiabatic losses are taken into account only through the pressure term in Eq. (4), while we are forced to neglect them elsewhere (terms (p/p 0 ) 1/4 are approximated to 1), as explained in Del Zanna et al. (2006) .
Synchrotron emission
The synchrotron spectral power emitted by a single ultrarelativistic particle is
where σ T is the Thomson cross-section, B ⊥ is the local magnetic field component normal to the particle's velocity and ν is the observed frequency. Notice that for simplicity we have also considered the monochromatic approximation, where ν m = 0.29ν c is the location of the maximum emission (see e.g. Rybicki & Lightman 1979) and the critical frequency is given by
The emission coefficient is, in the general case
whatever the distribution function f (ǫ). Thanks to the monochromatic approximation we can readily perform the above integration and find
where
It is easy to verify that, in the power law regions of both the distribution functions described in the previous section, the emission coefficient behaves as j ν ∝ ν −α , as expected. Due to relativistic beaming, the magnetic field component in the above expressions can be written as B ⊥ = |n × B|, where n is the line of sight direction. To reduce computational costs, here we will consider an isotropically distributed field (discrepancies in the integrated fluxes are less than 3% at 1 keV), for which B ⊥ = √ 2/3B/γ, B is the toroidal magnetic field as measured in the laboratory frame and γ is the Lorentz factor of the fluid element. The synchrotron spectrum, expressed in terms of the total luminosity per unit frequency, is
where the integral is over the nebular volume. Synthetic surface brightness maps are derived instead by integrating the emissivity along the line of sight alone. The Doppler boosting towards the observer is taken in account as in the paper by Del Zanna et al. (2006).
Inverse Compton emission
The Inverse Compton spectral power emitted by a single ultrarelativistic particle with normalized energy ǫ may be written as
where n ν (ν t ) is the number density of target photons per unit frequency ν t . The general form of the differential crosssection for IC scattering per unit frequency, including both the Thomson and Klein-Nishina regimes, is given by Jones (1968) ; Blumenthal & Gould (1970) :
Due to the kinematics of the scattering, q is a parameter in the range 0 < q ≤ 1 and Γ determines the energy domain (the Thomson limit corresponds to Γ ≪ 1).
As in the previous case, the emission coefficient is given by
for any distribution function of scattering particles f (ǫ). However, in the most general IC scattering case we cannot reduce the above formula to an analytical expression and a double integral has to be computed numerically. Following Blumenthal & Gould (1970) , we replace the integration over ǫ by an integration over q. The relation between these two variables is
where the dimensionless quantity s is small in the Thomson limit and large in the extreme Klein-Nishina regime. The target photon density in Eq. (12) may have different origins. Here we study three cases, recognized to be relevant for the Crab Nebula and for PWNe in general (Atoyan & Aharonian 1996) : IC scattering of reprocessed synchrotron photons (IC-SYN), IC scattering of the far-infrared thermal radiation by local dust (IC-FIR), and IC scattering of cosmic microwave background photons (IC-CMB).
In the self-synchrotron emission case, the photon density at any position r can be determined from the radiative transfer equation in the optically thin regime (Gould 1979; De Jager & Harding 1992; Atoyan & Aharonian 1996) :
where the spatial integral is over the whole nebula. However, in order to reduce the computational costs, after testing that differences are negligible, we use here the approximation of spherical symmetry and of a homogeneous synchrotron emission coefficient. We thus replace the above formula with where the synchrotron spectral luminosity is given in Eq. (11), R is the radius of the nebula and
with x = r/R and y = r ′ /R. U(x) is a non-dimensional quantity decreasing with x from 3 to 1.5 (Atoyan & Aharonian 1996) .
When the emission recipes are applied to the results of our simulations, the synchrotron photon density in Eq. (18) becomes a function of time. Variations of the synchrotron emitted flux are up to 30% on time-scales of order a few years, as we will discuss later on. Since this time-scale is not much larger than the light crossing time of the inner nebula, the temporal lag between the emission of a photon and its comptonization should be taken into account. This could properly be done only by using more complex, time dependent radiation transfer equations, that should be solved simultaneously with the MHD dynamics. Such an analysis is beyond the goal of the present paper, where we will make the approximation of instantaneous comptonization. This implies that our results on gamma-ray variability at frequencies involving a time-varying photon target density should be taken with caution.
In the case of the thermal FIR emission, the emitting dust is expected to be located in a torus created by the supernova progenitor and in the optical filaments (Green et al. 2004) . Since the dust volume and location are uncertain, we choose the crude approximation:
with L FIR ν corresponding to a uniformly emitting region of blackbody radiation.
Finally, the CMB photon density is provided by the Plank distribution
where k B is the Boltzmann constant and T = 2.7 K. Once the IC emission coefficient has been calculated as a function of space, integration over the PWN volume gives the total spectral luminosity as in Eq. (11)
where scattering with different targets will be computed separately to investigate the relative contribution to the overall IC emission.
The surface brightness maps with the relativistic corrections will be computed as for synchrotron emission.
Integrated spectra: fitting the Crab Nebula data
In order to understand the different contributions of the various physical processes to the overall emission of the Crab Nebula, simulated synchrotron and IC integrated emission spectra are obtained and plotted against the data from the radio to the gammaray band.
From this comparison, we will derive the unknown parameters in the distribution functions defined in the previous section, within two different dynamical models: the steady-state, spherically symmetric model by Kennel & Coroniti (1984a) , used as a test, and our axisymmetric 2-D simulations. The emission recipes of Sect. 2 are here applied to Kennel and Coroniti's spherical model, calculated for a wind magnetization parameter σ = 0.005 (as did Atoyan & Aharonian 1996 ) and a nebular radius R = 2.0 pc. Integrated spectra in Fig. 1 are compared with observations of the Crab Nebula and with the results by Atoyan & Aharonian (1996) , used here as a benchmark for our model. The values of the parameters correspond to best fit estimates (see Table 1 ). The primordial and wind spectral indices are equal to the observed values in the radio and optical bands (Baars & Hartsuijker 1972; Véron-cetty & Woltjer 1993) , respectively. A r and A w are found by fitting the emission in the radio and X-ray band; ǫ * r andǭ are chosen so as to connect the radio and optical parts of the spectrum smoothly; ǫ * w is such as to reproduce the observations in the gamma-ray band. We recall here that A 0 = A w p 0 refers only to the non-thermal tail of the particle energy distribution. This accounts for some unknown fraction ξ of the thermal pressure at the termination shock (Kennel & Coroniti 1984b) , with ξ determined from:
where Ω is the solid angle, ǫ min 0 =ǭ, ǫ max 0 = ǫ * w and f 0 (ǫ 0 ) contains A 0 and hence p 0 . We find ξ ≈ 70%.
The values of our parameters are slightly different from those in the paper by Atoyan & Aharonian (1996) , from which the form of our distribution function is taken. The main difference is in the cut-off energy ǫ * w and is due to our approximated formula (5), where adiabatic losses are neglected (these are considered instead by means of the factor p in Eq. (4)). However the difference involves only the synchrotron spectrum at gammaray energies, with no consequences for the IC radiation flux, to which electrons near the cut-off contribute negligibly (see also Fig. 6 and the discussion in Sect. 5).
In the left panel of Fig. 1 we plot the total evolved distribution function, given by Eqs. (1) and (4), for different values of ǫ ∞ . The particle distribution function is normalized through a value of the local pressure corresponding to the volume average in the simulation. Since the relic population is assumed to be spatially homogeneous, the radial dependence is only included in the wind particle distribution function through the local values of p(r) and ǫ ∞ (r), both provided by the model Kennel & Coroniti (1984a,b) . The wind population displays the expected behavior: both the local value of the thermal pressure, to which the peak of the distribution is proportional, and the cut-off energy, providing the exponential decay, are decreasing functions of r. Our results are basically coincident with those shown in Fig. 3 of Fig. 1 . Left panel: Kennel&Coroniti total electron energy distribution function for different values of the maximum particle energy ǫ ∞ as specified in the figure. In the plot we use E = ǫmc 2 and F = ( f r + f w ) · 4π/(mc 2 ) and the particle distribution function is normalized to an average value for the pressure of 2.1 × 10 −9 erg cm The overall synthetic spectrum is then calculated using the above distribution function with the dynamics taken from Kennel&Coroniti's model. In the right panel of Fig. 1 the spectral luminosity is plotted and the individual synchrotron contributions of the two populations are also shown. The synchrotron spectrum from radio to IR frequencies is due to the primordial particles, homogeneously distributed all over the nebula. At higher frequencies the emission is due to the wind particles, which suffer from adiabatic and synchrotron cooling. The FIR thermal radiation is obtained from the black-body formula with a temperature of the emitting dust of T = 46 K (Strom & Greidanus 1992; Green et al. 2004) . As far as IC radiation is concerned, we find that the primordial electrons contribute to IC-CMB radiation up to 1.6 × 10 22 Hz, to IC-FIR up to 3.2 × 10 23 Hz and to IC-SYN up to 7.9 × 10 23 Hz (in the paper by Atoyan & Aharonian 1996 , the frequency value is larger by almost one order of magnitude) mainly in the Thomson regime, ǫhν t ≪ mc 2 , while at higher frequencies the emission is due to scattering by the wind particles.
References for the reported data are as follows: radio data are from Baars & Hartsuijker (1972) ; the mm data are from Mezger et al. (1986) and Bandiera et al. (2002) ; the infrared points are from IRAS in the far to mid-infrared (Strom & Greidanus 1992) and from ISO in the mid to near infrared range (Douvion et al. 2001) ; optical is from Véron-cetty & Woltjer (1993) and UV from Hennessy et al. (1992) . Points in the range between soft X and gamma-rays are taken from Kuiper et al. (2001) , who compiled data from BeppoSAX, COMPTEL and EGRET. In the TeV band we plot the data from MAGIC (Albert et al. 2008 ) and HEGRA (Aharonian et al. 2004) .
Shapes and values of the single curves, especially IC-SYN and IC-CMB, are consistent with those of Figs. 9 of Atoyan & Aharonian (1996) , so we conclude that in our model the computation of inverse Compton emission seems reliable. We recall that the main simplifications introduced here are in the wind distribution function, Eq. (5), and the homogeneous emissivity in the IC-SYN target photon density, Eq. (18).
The computed synchrotron emission is in agreement with the data, whereas the IC luminosity is lower at all gammaray frequencies. In both the present 1-D calculation and in the model by Atoyan & Aharonian (1996) the gamma-ray EGRET and TeV data can be simultaneously fitted only by invoking additional contributions to the emission namely Bremsstrahlung and hadronic processes. In addition one may tune the magnetic field strength, however this has only been done in an ad hoc manner (Atoyan & Aharonian 1996; Aharonian et al. 2004 ) rather than changing the dynamics self-consistently.
The conclusion that the IC alone is insufficient to explain the gamma-ray fluxes from the Crab Nebula seems to be the common result of all 1-D models. However, 1-D stationary models are not able to account for a number of observed nebular properties, in particular the jet-torus morphology seen in the X-rays. Due to the oversimplified dynamics intrinsic to spherical models, the conclusions about the emission processes are also questionable. On the other hand, 2-D time-dependent RMHD models have proved to reproduce the inner structure of the Crab Nebula even in some of its finest details. In the following sections, we present a study of the synchrotron emission and, for the first time, of the IC gamma-ray radiation from PWNe in the context of the axisymmetric scenario.
Results from numerical simulations

General discussion
For the study of the non-thermal emission in the context of a 2-D model we focus here on the simulation labelled as runA in the paper by Del Zanna et al. (2006) . The parameters that determine the shape and the strength of the magnetic field are: the anisotropy parameter, α = 0.1, the width of the striped wind region, b = 10 (corresponding to ≈ 10
• around the equator), and the wind magnetization, σ = 0.025. The particles' maximum energy at injection, ǫ ∞ , is here taken as 10 10 , corresponding to (1) total electron energy distribution function versus particle energy for different values of maximum particle energy ǫ ∞ as specified in the figure. In the plot we use E = ǫmc 2 and F = ( f r + f w ) · 4π/(mc 2 ) and the particle distribution function is normalized to an averaged pressure value of 2.1 × 10 −9 erg cm We now discuss the nebular emission spectra resulting from our simulation. Two different distribution functions are considered for the wind particles: one with the wind spectral index α w = 0.7, runA (1), and the other with α w = 0.85, runA (2). The first one is the counterpart of the spherical model computed in the previous section, and corresponds to the best fit optical spectral index (Véron-cetty & Woltjer 1993). However, with this value of α w we are far from fitting the synchrotron spectrum from X to gamma-ray frequencies and the IC emission exceeds the data, as it is clear from the right panel of Fig. 2 . A steeper injection spectrum is then adopted in order to discuss how the combined constraints from synthetic synchrotron and IC emission can help determining the physical parameters of PWNe. This second spectrum, in fact, allows one to reproduce the high energy synchrotron spectrum (see Fig. 3 ) but the TeV emission is slightly closer, though still above the data. In both runs the spectrum around 10 GeV seems approximately to fit the EGRET data, that, we recall, are affected by large error bars (Kuiper et al. 2001 ). Hopefully GLAST observations will allow to constrain better the models in this crucial range of frequencies. At the moment, however, there is no room for additional contributions to the gamma-ray emission, such as Bremsstrahlung and hadronic processes. Note that these results are opposite to what found in 1-D (see Sect. 3.1), where the model underpredicts the IC peak emission of a factor ≈ 5.
Before discussing the spectra in detail, let us first describe the particles distribution function. The total (primordial plus wind) particle distribution functions for the two cases, obtained as in Sect. 2.1, are shown in the left panels of Figs. 2 and 3 . The values adopted for the maximum electron energy ǫ ∞ and for the thermal pressure are the same as those used in Fig. 1 . However one should remember that these quantities are now functions of both the spherical radius r and the polar angle θ (see Fig. 4 ). The remaining parameters are chosen such as to obtain with our Table 1 ).
By comparing the left panels of Figs. 2 and 3 with the corresponding panel of Fig. 1 , one can see that in our simulations a larger number of electrons is present at all energies. However, in runA (2) the distribution function falls down rapidly at high energies reaching values that are close to those found within the spherical model.
The values of the parameters adopted are reported in Table 1 . Notice that for the assumed injection energy, ǫ ∞ is never larger than 10 10 . Hence the synchrotron cut-off in the gamma-rays is correctly reproduced without the need of introducing an exponential decay of the particle distribution function.
For both cases, runA (1) and runA (2), the emission spectrum is calculated as described in Sect. 2 and displayed in the right panels of Figs. 2 and 3. As far as the different contribution of the two populations in different frequency bands is concerned, the primordial electrons contribute to the synchrotron emission up to IR frequencies, to IC-CMB emission up to 2.5 × 10 22 Hz, to IC-FIR up to 3.2 × 10 23 Hz and to IC-SYN up to 7.9 × 10 23 Hz mainly in the Thomson regime. The radiation at higher frequencies for all components is due instead to the wind electrons. In both runs, the data are well fitted in the radio (by construction) and in the optical bands. In this context the first spectral break, between the IR and the optical, appears to be intrinsic and due to the superposition of the two different populations of particles. The second one, in the UV band, corresponds in our model to a strong synchrotron burn-off and is related to the decreasing volume occupied by particles of increasing energy. Beyond ≈ 2 × 10 15 Hz, we observe a spectral flattening in our curves, followed by further minor breaks and counter-breaks at higher frequencies. Here, we recall that Kargaltsev & Pavlov (2008) report X-ray observations of PWNe with spectral indices less than 0.5, which have no theoretical explanation but that in principle could be reproduced by simulations similar to runA (1).
In the case of runA (1), at frequencies above ≈ 10 16 Hz the computed synchrotron emission is always far in excess of the data. The same happens at frequencies larger than ≈ 10 24 Hz, where inverse Compton is the dominant emission mechanism. Notice however that the IC-SYN component is not much affected by the hard X and gamma-ray synchrotron excess, which contributes only beyond 1 TeV. In runA (2) we manage to fit the X-ray data with our steeper simulated spectra, but still the IC emission appears to exceed the data by a factor ∼ 2.
These results show that the difficulties we have in reproducing the synchrotron spectrum with the commonly accepted value of α w cannot be solved by simply changing the particle distribution function, but are rather hinting to a problem related to the underlying dynamics, and in particular with the magnetic field distribution in the nebula.
In our simulations the nebular magnetic field appears to be compressed in localized regions close to the termination shock, while rapidly decreasing outward, much faster than in spherical models. Its volume averaged value is B mean = 1 × 10 −4 G, which is 2 − 3 times less than the value inferred from previous models (Kennel & Coroniti 1984a) . This means that in the outer regions, which occupy a large fraction of the volume and contribute proportionally to the integrated emission, our synthetic magnetic field is much lower than for spherical models. Hence, in order to fit the integrated spectra, we were forced to introduce a larger number of emitting electrons compared to the spherical model. Our electrons are also subject to less severe synchrotron losses on average, and consequently a steeper spectral index α w , as in runA (2), is necessary in order to reproduce the high energy synchrotron spectrum. The simultaneous calculation of the IC spectrum, however, shows that the required large number of emitting electrons is not allowed by the gamma-ray data. Therefore, in order to reproduce the spectrum of the Crab Nebula, a larger and more distributed magnetic field would be needed, provided that it is able to reproduce the correct dynamics. Nevertheless before drawing any conclusions on the physics of the emission processes at work, a further investigation in the parameter space (for both the dynamics and the particle distributions) should be first attempted, since here we have only considered the runA results. Possibly the problem of the concentration of the nebular magnetic field is intrinsic to axisymmetric simulations and could be alleviated only by moving to 3-D.
On the spectral slopes
Let us now go back to the most surprising features observed in our spectra, namely the multiple changes of slope, which are in contrast with simple expectations from synchrotron cooling. However, the prediction of only one single steepening of the slope due to synchrotron burn-off is based on simplified 1-zone or 1-D nebular models, that assume a smooth flow and magnetic field distribution, so that particles experience continuous synchrotron losses. On the contrary, one of the main results of 2-D MHD models of PWNe has been the realization that the internal flow dynamics is more complex than previous 1-D models suggested.
This complexity reflects on the particle spectrum as a function of position within the nebula. As anticipated this is computed as described in Sect. 2.1, using the information on the thermal pressure p and on the maximum energy ǫ ∞ provided by the simulations: color coded maps of p and ǫ ∞ are shown in the left and right panel of Fig. 4 respectively.
The computed pressure tends to a constant with a spatial average of 2.1 × 10 −9 erg cm −3 (which is behind our choice of the normalization constant in the plots showing the population distribution functions in Figs. 1, 2 and 3) . Exceptions are observed along the jets, where the maximum is located, and in the equatorial plane, where vortices create regions of lower pressure.
As far as the local value of the maximum energy is concerned, the effects of synchrotron burn-off are highlighted by the four contours added on top of the color coded map of ǫ ∞ . These correspond to the same values for which particle distribution functions are shown in the left panels of Figs. 1, 2 and 3. The main difference between the results of our 2-D simulations and spherically symmetric models is immediately apparent from the contours in the right panel of Fig. 4 : the spatial domain occupied by particles with energies up to a certain value is made of disconnected regions. While in 1-D the contours would be connected and encircle progressively smaller regions of space with increasing values of ǫ ∞ , here the flow structure and magnetic field distribution is such that this is not the case anymore. In fact in our simulations fast flow channels in regions of relatively low magnetic field may take high energy particles far from the termination shock without suffering important synchrotron losses. In addition to this, the spatial distribution of the magnetic field arising from our model, which is compressed by the flux vortices around the TS and the polar axis (see Del Zanna et al. 2004 , causes a non monotonic decline of the volume occupied by high energy particles. This is at the origin of the multiple changes of slope in the synthetic emission spectrum. In fact, it is interesting to notice that 2-D simulations performed with a lower value of the magnetization parameter give origin to much less structured flow patterns and spectra showing just one change of slope, analogous to those found from spherical models. At the same time, however, the jets disappear. On the other hand, based on the possibility we find here of having more than one spectral break due to synchrotron losses, one may speculate that a larger value of the magnetization parameter, sufficient to move the multi-slopes to IR frequencies, may allow to explain the entire synchrotron spectrum of the Crab Nebula with just one population of particles. However additional particle acceleration may take place in regions other than the termination shock, in particular the termination spots of high speed flows in the equatorial plane and along the jets, and gives rise to the changes in slope.
On the SYN/IC estimate for B mean
The ratio between synchrotron and IC observed luminosity, when these data are available, is often used to evaluate the average magnetic field strength in PWNe (e.g. De Jager et al. 1996 ; H. E. S. S. Collaboration: A. Djannati-Atai et al. 2007, and references therein) . However such an estimate is based on the assumption that the magnetic field is uniformly distributed (or slowly varying as in the KC model). On the other hand the recent numerical results of PWNe have clearly shown (as also confirmed in this paper, see the discussion in this section) that the distribution of the magnetic field and of the maximum energy of the emitting particles can change quite dramatically within the nebula.
It is thus of interest, not just to observers but also to theorists, to understand if, in the case of 2-D PWNe models, the magnetic field inferred from the ratio SYN/IC provides a good approximation of the true value, or a biased one, at different frequencies.
In particular we compare the estimate of the magnetic field from the ratio SYN/IC, that are computed from the synthetic spectra, with the average value of the magnetic field B mean equal to 1 × 10 −4 G in our RMHD simulations, on which the same spectra are based. The obtained discrepancy is of order 10% at synchrotron frequencies below 10 23 Hz, while beyond 10 28 Hz the discrepancy becomes larger than a factor of 2. This is due to the fact that in the high frequency range the emission comes from wind particles confined to a small volume around the TS, where the magnetic field is highly structured and higher than the average value.
Gamma-ray surface brightness maps
In the present section, synthetic IC surface brightness maps are shown, for the first time, in the gamma-ray band. These are calculated for runA (2) by integrating along the line of sight the total (IC-SYN, IC-FIR and IC-CMB) emissivity, where the Doppler relativistic effects are included as explained in the paper by Del .
In Fig. 5 images at photon energies of 4 GeV, 250 GeV and 1 TeV are computed. These are chosen to lie in the middle of the band which will be observed by , in the range measured by MAGIC (60 GeV-9 TeV), and at the central energy of the HESS band (100 GeV-10 TeV). When comparing the three maps it is immediately apparent that the size of the nebula is larger at lower frequency.
The second feature is that the jet-torus structure, common among the observed PWNe in the X-rays and here produced by the simulated RMHD evolution in time and space with a σ eff > ∼ 0.01, is clearly visible also at gamma-ray frequencies. One can distinguish the bright features as the central knot and the arcs, although the brightness contrast is now less than in the X-rays (see Del . This similarity between the gamma-ray and X-ray morphology is due to the fact that the local emitting electrons are the same for both bands.
An investigation of these bright features in our synthetic surface brightness maps at various synchrotron frequencies has shown that the central knot and the arcs near the TS appear at all energies and completely dominate the gamma-ray emission. Larger structures such as the jets and the torus start to fade away from the images at > ∼ 1 keV and ≈ 10 keV, respectively. Moving up in frequency from the synchrotron peak the overall PWN size keeps on decreasing reaching a minimum at the cut-off SYN frequency (0.5GeV in our model), where basically only the electrons at the TS contribute. On the other hand, the original (radio band) dimensions are recovered when IC becomes the dominant emission process due to the ubiquity of the radio electrons responsible for emission at GeV frequencies. When the wind electrons begin to dominate the emission, synchrotron burn-off effects start to play a role and the volume of the nebula decreases again. So all structures, which disappear in the hard X-ray synchrotron emission, are again visible in gamma-ray images up to TeV photon energies. This is due to the fact that the IC emission structure does not directly depend on the complex magnetic field distribution but only on the spatial behavior of the electron distribution function, determined by the local value of p and ǫ ∞ .
Present day gamma-ray instruments have insufficient spatial resolution to distinguish single features in the internal structure, so that a comparison between the simulations and the data can only be based on the size of the nebula. However, indications of asymmetries in PWNe are already seen by HESS (Aharonian et al. 2005b (Aharonian et al. , 2006a .
MAGIC has measured an average radius of about 4.5 ly at 250 GeV and of about 3 ly at 500 GeV (Albert et al. 2008) . The simulated maps at the corresponding frequencies (we do not display here the 500 GeV image) have dimensions comparable to the observed values along the y-axis, though along the x-axis we find a negligible shrinking of the size with growing frequency. This is due to the combined effect of our relatively low magnetic field and the presence of fast flow channels in the equatorial region advecting particles outward fast enough for energy losses to be negligible. The average IC fluxes, observed by MAGIC, are about half of those obtained in our simulations (≈ 4 × 10 −10 erg cm −2 s −1 ). This corresponds to the excess of the synthetic IC emission already discussed when treating the spectra of Sect. 3.2.
X and gamma-ray time variability
In a few PWNe, including the Crab Nebula, bright variable emission features are observed at small scales near the termination shock and in the torus. In the first case they are called wisps, in the second filaments of the torus. The variability time-scale is of kilo-seconds in the IR band (Gemini North Telescope, Melatos et al. 2005) , from days up to few months and from months up to a year, at optical and X-ray frequencies (HST and Chandra, Weisskopf et al. 2000; Hester et al. 2002) , with timescales that become longer with increasing distances from the TS. Quasi-periodically these structures are seen to appear, brighten very quickly and eventually fade, showing a characteristic outward motion. There are no corresponding gamma-ray observations because of the insufficient spatial resolution at those frequencies.
Different interpretations have been proposed in the literature for these time-variable features. A kinetic interpretation was given by Spitkovsky & Arons (2004) , who showed that if protons are present in the pulsar wind, the variable structures can arise from ion-cyclotron instability at the shock front. Alternative explanations in the context of ideal MHD are based on nonlinear Kelvin-Helmholtz instabilities inside the nebula (Begelman 1999; Bogovalov et al. 2005; Bucciantini et al. 2008) . Recently, Bucciantini (2008) presented simulations with wisps near the TS moving outward at velocities of ∼ 0.5 c and slower filamentary structures in the torus, as observed. The period of the variability is of order one year, in agreement with Chandra Xray observations. We are aware that Bucciantini and Komissarov are carrying out a detailed study of time variability within MHD models, in order to understand its origin, its characteristics and possible correlations with other nebular properties. Without going into details, we investigate here if the same time-dependent flow dynamics responsible for X-ray variability can lead to fluctuations in the gamma-ray emission (De Jager et al. 1996; Ling & Wheaton 2003 ) that might be of interest for future instruments (i.e. GLAST).
We consider runA (2) and compute snapshots of the integrated spectrum, synchrotron surface brightness map at 1 keV Left panels: plot of the synthetic spectral luminosity in logarithmic scale versus photon frequencies (log). Middle panels: simulated brightness maps (log) at 1 keV normalized to the maximum 6.2 × 10 −18 erg cm −2 sr −1 s −1 Hz −1 . Right panels: simulated brightness maps (log) at 250 GeV normalized to the maximum 1.2 × 10 −29 erg cm −2 sr −1 s −1 Hz −1 . The x and y axes of all surface brightness maps report the distance (in ly) from the central pulsar. Notice the inclination with respect to both the plane of the sky and the north direction (respectively 30
• and 48
• for the Crab Nebula) and that only the internal region (within a radius of 3 ly) is displayed.
(Chandra band), IC surface brightness map at 250 GeV (in the middle of the gamma-ray band observed by MAGIC and towards the high energy limit of, but still within, the GLAST band). The sequence of images lasts ten years, from 950 yr to 960 yr, with intervals of 0.2 yr. The full movie is downloadable from http://www.arcetri.astro.it/∼delia/crab/runA2.gif, while a selection of snapshots is also shown in Fig. 6 .
Our simulations confirm the presence of variable wisps near the TS and filamentary structures (rings) in the inner part of the torus, with characteristic time-scales of about 1-2 years (as observed for energies less than 0.75 MeV, Much et al. 1995) . These features move at speeds 0.3 − 0.5 c (see also the flux velocity maps in Del ) and slow down before fading out at larger distances, in agreement with observations. This result suggests that variability in the inner nebula can be interpreted as associated to fluid motions occurring in the vicinities of the TS (either MHD compressive modes or Kelvin-Helmholtz instabilities, the latter arising at the shear flow boundaries). A part from these time-varying features, the most prominent structures, namely the central knot and the main arc, are instead stationary, also as observed.
The synthetic synchrotron surface brightness maps at X-ray frequencies and IC emission maps at 250 GeV photon energies show a strongly correlated variability, which is due to motion of the common parent electrons. However, as expected, since the IC emission is more uniformly distributed in the nebula than high energy synchrotron emission by the same electrons, the smallscale moving features are less evident compared to X-ray maps. The variability of the integrated IC spectrum is correspondingly reduced. We would like to recall that in our model at photon energies up to 1 TeV, the IC emission is found to be due to wind electrons up scattering radio-IR photons, therefore a study of the time-variations in this band, still makes sense in spite of the simplified assumptions underlying our computation of the IC emission. We would like to recall that we neglect all propagation effects in space and time, approximating the energy density of the target photon field as uniform over the nebular volume and slowly varying. Both these assumptions are satisfied in the radio-IR band.
For a more quantitative analysis of the variability properties, in Fig. 7 we show the synthetic integrated emission as a function of time, for a selection of photon energies from X-rays to TeV gamma-rays (1 keV, 40 MeV, 1 TeV). The strongest variations (about a factor of 2) are seen to occur at synchrotron gamma-ray frequencies, where the emission is entirely due to the moving features close to the TS. On the other hand, the IC time series show very limited (about 1%) variations, as anticipated above. The results at synchrotron frequencies are in agreement with the observations by De Jager et al. (1996) who measured flux variations in the 1 − 150 MeV band, finding an amplitude of 30% in the COMPTEL region (1 − 30 MeV) and a factor of 2 in the EGRET band (70 − 150 MeV).
As far as time-scales are concerned, the gamma-ray variability, with a lower limit of order a few years in our simulations, also agrees with the results by De Jager et al. (1996) . However, the clear relationship between the moving features seen in the simulated surface brightness maps of Fig. 6 cannot be easily recovered in the luminosity time series, due to spatial integration effects. In any case, a combination of XMM/Chandra and GLAST observations might confirm the similarities between X and gamma-ray variability found in our simulations and consequently prove their common MHD origin.
Conclusions
In the present paper the work by Del Zanna et al. (2006) COMPTEL, HEGRA, HESS) and future observations (GLAST) of the Crab Nebula. Following recent results in the soft X-rays (Bucciantini 2008 ), a corresponding investigation of time variability in the gamma-ray band is also presented.
In order to compute the IC emission we include, following Atoyan & Aharonian (1996) , a homogeneously distributed population of radio emitting electrons assumed born at the outburst of the SN in addition to the wind electrons, continuously accelerated at the TS. In this scenario, the spectral break between IR and optical frequencies (≈ 10 13 Hz) is intrinsic and due to the superposition of the two populations, while synchrotron burn-off is at the origin of the spectral break in the UV (≈ 2 × 10 15 Hz). From the comparison between our 2-D RMHD simulations and the Crab Nebula integrated spectra in Sect. 3.2, we see that the value α w = 0.7, suggested by the optical data of the inner parts of the nebula (Véron-cetty & Woltjer 1993) and adopted by Atoyan & Aharonian (1996) , produces an overestimate of the synchrotron emission at frequencies above 10 16 Hz. Only with the spectral index α w = 0.85 it is possible to reconcile the simulated emission with high energy synchrotron data of the Crab Nebula. However the computed IC emission exceeds the gamma-ray data by a factor of 2, showing that the steeper particle spectrum is not sufficient to remove the discrepancy between the results of the simulations and the data. The problem is related to the magnetic field in the simulations which is compressed towards the termination shock and lower on average than the estimates that are found in the literature, and likely than the value appropriate for the Crab Nebula. As a consequence, in order to reproduce the data we are forced to consider a larger number of particles. This seems to solve the problems as far as only the synchrotron emission is considered, but its inadequacy is then immediately revealed if calculation of IC is added. This suggests to adopt for the simulations a higher value of the pulsar wind magnetization with a word of caution that should be spent on the fact that is not clear to us how this would affect the nebular morphology, which is at present well reproduced. Another new result is that the complex nebular dynamics, highlighted by our 2-D simulations, gives rise to multi-slopes in the simulated synchrotron spectra, which are not expected in 1-D models.
Further insight can be gained from the gamma-ray morphology. Our synthetic maps show nebular dimensions and the shrinking of the size with increasing frequency in the range of those observed by MAGIC (Albert et al. 2008) only along the polar axis, while dimensions do not change appreciably along the equator. This is due to the fast flow channels developing in a region of low magnetization: these advect the electrons far from the termination shock with negligible synchrotron losses.
The simulated IC surface brightness maps are copies of the synchrotron X-ray ones, since they are produced by the same parent electrons. However, structures such as the jets and the external torus, that disappear in the hard X-rays, survive in the entire range of gamma-ray frequencies due to the fact that now the emission is not directly affected by the local magnetic field.
The X and gamma-ray variability of the inner nebula seems to have MHD origins. We find in our simulations characteristic time-scales of about ≈ 1 − 2 yr for both of them and time series of the integrated IC luminosity with smaller oscillations and slightly longer periods with respect to the synchrotron ones.
Future developments of the present work will consist firstly in treating more accurately the particle evolution in the nebula, for example by evolving directly the distribution function itself along the streamlines. The possibility of a dependence on the polar angle along the TS of the injected particle distribution function can be thus investigated. On the other hand, in order to overcome the problem of the magnetic field structure and strength, a wider investigation of the parameter space is necessary (we recall that our results pertain to a single simulation run). If this morphology will be confirmed, a problem intrinsic to the adopted axisymmetric geometry would be then highlighted and 3-D simulations should be attempted.
This analysis could also be extended to other PWNe than the Crab Nebula, even in different evolutionary stages (e.g. Vela). We believe that the powerful diagnostic techniques described here, which complete those presented in Del , are sufficiently versatile to be applied to other classes of nonthermal emitting sources.
